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Section A (54 marks)
Answer all the questions

1 (a) (i) Given that f(¢) = arcsinz, write down an expression for f'(¢) and show that

t

(1) = ——. [3]
(1-7)?
(ii) Show that the Maclaurin expansion of the function arcsin(x + %) begins
T N 2
— _x,
6 V3
and find the term in x°. [5]

(b) Sketch the curve with polar equation r = %, where a > 0, for0 < 0 < 27.

Find, in terms of a, the area of the region bounded by the part of the curve for which0 <0<«
and the lines 6 =0 and 6 = . [6]

%
1
L oraa [3]

. .. 1 . . . . .
2 (a) Giventhat z =cos 8 +jsin 0, express z" + — and z" — — in simplified trigonometric form.
z z

(¢) Find the exact value of the integral

Hence find the constants A, B, C in the identity

sin®6 = Asin 0 + Bsin 36 + Csin 56. [5]

(b) (i) Find the 4th roots of —9j in the form rel®, where r > 0 and 0 < 6 < 27. Illustrate the roots
on an Argand diagram. [6]

(if) Let the points representing these roots, taken in order of increasing 6, be P, Q, R, S. The
mid-points of the sides of PQRS represent the 4th roots of a complex number w. Find the
modulus and argument of w. Mark the point representing w on your Argand diagram. [5]
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3 (@) (1) A 3x3 matrix M has characteristic equation
202 + A% - 131 +6=0.

Show that A = 2 is an eigenvalue of M. Find the other eigenvalues. [4]

3
(ii) An eigenvector corresponding to A = 2 is ( -3 ) .

1
3 1
Evaluate M ( -3 ) and M? ( -1 ) .
1 1

3

X 3
Solve the equation M ( y) = ( -3 ) i [S]

z 1

(iii) Find constants A, B, C such that

M* = AM? + BM + CI. (4]

1 -1
(b) A 2 x2 matrix N has eigenvalues —1 and 2, with eigenvectors ( 2) and ( 1 ) respectively.
Find N. [6]

Section B (18 marks)
Answer one question
Option 1: Hyperbolic functions

4 (i) Prove, using exponential functions, that

sinh 2x = 2 sinh x cosh x.

Differentiate this result to obtain a formula for cosh 2x. [4]
(ii) Sketch the curve with equation y = coshx — 1.

The region bounded by this curve, the x-axis, and the line x = 2 is rotated through 27 radians

about the x-axis. Find, correct to 3 decimal places, the volume generated. (You must show your

working; numerical integration by calculator will receive no credit.) [7]

(iii) Show that the curve with equation

y = cosh2x + sinhx

has exactly one stationary point.

Determine, in exact logarithmic form, the x-coordinate of the stationary point. [7]
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Option 2: Investigation of curves
This question requires the use of a graphical calculator.

5 In parts (i), (ii), (iii) of this question you are required to investigate curves with the equation
Xk + yk =1
for various positive values of k.
(i) Firstly consider cases in which k is a positive even integer.
(A) State the shape of the curve when k = 2.
(B) Sketch, on the same axes, the curves for kK =2 and k = 4.
(C) Describe the shape that the curve tends to as k becomes very large.

(D) State the range of possible values of x and y. [6]

(ii) Now consider cases in which k is a positive odd integer.
(A) Explain why x and y may take any value.
(B) State the shape of the curve when k = 1.
(C) Sketch the curve for k = 3. State the equation of the asymptote of this curve.

(D) Sketch the shape that the curve tends to as kK becomes very large. [6]
(iii) Now let k = 1.
Sketch the curve, indicating the range of possible values of x and y. [2]

(iv) Now consider the modified equation |x|* + |y|* = 1.

(A) Sketch the curve for k = 1.

1
(B) Investigate the shape of the curve for k = — as the positive integer n becomes very large.
n

[4]
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4756 Mark Scheme June 2010
1 (a)(i) f (t) = arcsin t
’ _ 1 _ 2 7%
= fi= T = (1_t ) B1 Any form
_3
= f(t)= —%(1—t2) * -2t M1 Using Chain Rule
_ t
3 Al
(1 _i2 )2 (ag)
(i) f (X) = arcsin (X + %2)
= f(0)=arcsin () :% B1 (ag) % obtained clearly from f (0) www
£10) = (1—(i)2)%—i Ml Clear substitution of Xx=0or t= ">
2 5 Al (ag)
1
and f"(0)= 2= w3
N2\ 9
-(2))
2
f(x)=f(0)+xf'0)+ XTf "(0) + ... M1 Evaluating f "(0) and dividing by 2
= termin X is % X Al Accept 0.385% or better
O] E—
N
‘\’/ ! Gl Complete spiral with r(2m) <r(0)
v ] Gl r(0) = a, r(2n) = a/3 indicated
J or r(0) > r(n/2) > r(m) > r(3m/2) > r(2m)
- Dep. on G1 above
Max. G1 if not fully correct
T
Area = j%rzdﬁ
0
T 2.2 2,27
ra ra 1
= j >-do = J. - do M1 Integral expression involving r
0 2(7+6) 2 o(z+06)
_ ra?[ -1 " Al Correct result of integration with correct
2 |Lz+6], limits
2.2 Substituting limits into an expression of
_ra __1+l M1 k
2 \2r & the form—— . Dep. on M1 above
T+6
_ 1 2
= lra Al
p p 1Ml
1 1 1 1 ) 2x |2 arctan
© .[9+4x2d = 4J3+x2 dX—Zx Earctan? | 2 %
4 0 AlAl —x—and —
4 3 3
1
= A arctan 1 Ml Substituting limits. Dep. on M1 above
V4 .
= % Al Evaluated in terms of ©
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n 1 n 1 P
2(@)| z +—=2cosnd, ' ——=2]sinnd B1 Both
z z
1Y 10 5 1 1y
(z——] :ZS—SZ3+102——+—3——5 Ml Expanding (Z——j
z z 7z z
=7 —%—5(23 —%jﬂo(z—l]
4 Z 4
Ml Introducing sines (and possibly cosines)
= 32j sin’) = 2j sin 50 — 10j sin 30 + 20j sin 0 of multiple angles
Al RHS
= sin’0= L sin 56 -2 sin 30 +3 sin 0 Alft Division by 32(j)
5 R—_5 c=.
A=¢,B=-3,C=
(b)(i) | 4" roots of =9 =9e>" are rel? where
r= \/g Bl Accept g
3
_o BI
_3rm  2km Implied by at least two correct (ft)
=2 27 Ml
8 4 further values
o=tz 1z 157 Al Or stating k= (0), 1, 2, 3
8’ 8 8 Allow arguments inrange t<0<n
-
5 -
[ |
[ |
d
-2 2
u
Ml Points at vertices of a square centre O
- or 3 correct points (ft)
| or 1 point in each quadrant
-2 Al
(i) | Mid-point of SP has argument % Bl
3
and modulus of 3 B1
Argument of W= 4 x % -z
4 M1 Multiplying argument by 4 and modulus
3 9 .
and modulus = | ,[= | == raised to power of 4
2 4 Al Both correct
Gl w plotted on imag. axis above level of P

16
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3@ |2 + X130+ 6=0= (A—2)2A*+ 5L —3)=0 Bl Substituting A = 2 or factorising
= A=20r2A*+51-3=0 M1 Obtaining and solving a quadratic
= @r-DA+3)=0
= A=¥A=-3 AlAl
4
3 3 6
()| M| =3 |=2|-3|=|-6 BI1
1 1 2
1 4
M2v=22v=4|—11=|_4 B2 Give Bl’for one component with the
. . wrong sign
3 3
3 3
2 2] (3 . o
M| -2 |=2| 23 |=| -3 M1 Recognising that the solution is a
12 12 multiple of the given RHS
2 2 1
= X:%,y=—%,2=% Al Correct multiple
5
(iii) 20+ - 130+ 6=0
= 2M’+M?-13M +6l =0 Ml Using Cayley-Hamilton Theorem
3__1Mm2413
= M =—ZM"+3M -3l
= Mi=-IM’+LEM>-3Mm Ml Multiplying by M
= Mi=-lEIM*+EM-3)+LM*-3M Ml Substituting for M*
4_27 \2_ 25 3
= M= M -2M+21 Al
—21 g—_25 ~_3
A=5,B=-3.,C=3
4
(b)|N=PDP! Bl Order must be correct
-1 0
here D = B1
1 -1 )
and P= s 1 Bl For B1BI1, order must be consistent
proiftd BIfi Ft their P
= == t tt
3l eir
(1 -1\ (-1 0)(1 1
= N=-=
312 1 0 2){-21
e [ Ml Attempting matrix product
3l 2l empting matrix produc
Al

35 e )

a c
OR LetN=
)
a c\(l1 1
=_1 Bl
> ala)=-1:)
a c\(-1 -1
=2 B1
> o020
= at+2c=-1,-atc=-2 Bl
b+2d=-2,-b+d=2 Bl
a=1l,c=-1:b=-2,d=0_ —___MIAL]

ot )
AN LN

Solving both pairs of equations__

19]
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4 (i) |2 sinh X cosh x
e€+e -~
=2 X X
2 2
e Mi Using exponential definitions and
B > multiplying or factorising
= sinh 2x Al (ag)
Differentiating,
2 cosh 2x =2 cosh®x + 2 sinh’x B1 One side correct
= cosh 2x = cosh® + sinh’x B1 Correct completion
@ ,
\ /
\\\\ //,
\\ //
N Gl Correct shape and through origin
2
Volume =7rj(cosh X—l)2 dx M1 J.(cosh X—l)2 dx
0
2 A correct expanded integral expression
=r I cosh? x—2cosh x+1dx Al including limits 0, 2 (may be implied by
0 later work)
2
-7 J' 1 cosh 2x—2 cosh X+ 2 dx M1 Attempting to obtain an integrable form
. 2 2 Dep. on M1 above
2
= ﬁl:% sinh 2X—2sinh X +% X]O A2 Give Al for two terms correct
= | Lsinh4-2sinh2+3]
=8.070 Al 3 d.p. required. Condone 8.07
(i) y = cosh 2x + sinh X
= % = 2 sinh 2X + cosh X B1 Any correct form
X
At S.P. 2 sinh 2x+ cosh x=0
— 4 sinh X cosh X+ cosh X= 0 Ml Se.ttmg der1lvat1ve equal to zero and
using identity
= cosh X(4 sinhx+1)=0 Ml Solving ;ﬂ =0 to obtain value of sinh X
X
= cosh x=0 (rejected) Al Repudiating cosh x=10
= sinhx=—7 Al
1 17 M1 Using log form of arsinh, or setting up
= x=1 _Z+T and solving quadratic in €"
Al AQ if extra “roots” quoted
18




4756 Mark Scheme June 2010
5())(A) Bl
(B)
Gl Sketch of circle, centre (0, 0)
Gl Sketch of “squarer” circle on same axes
(C) | Square Bl
(D)|-1<x<1 Bl Give B1BO for not all non-strict or
-1<y<1 Bl unclear
(i)(A) | Odd roots exist for all real numbers B1 Any equivalent explanation
(B) | Line B1 Sketch insufficient
© \
S~ —
\\\
|
\
\
\ Gl
Asymptote: X+y=0 B1
D) T
\\
G E—
AN . . .
\\ Gl Line X + y = 0 outside unit square
N Gl Lines y=1 and X =1 on unit square
(i)
\\
\
\\
— ; Gl GO if curve beyond (1, 0) or (0, 1)
0<xy<l1 Bl Accept strict, or indication on graph
VA) T
/I
S RN
_— // \\\‘\,,
\\ /
\/ . .
“ | QG2ft Give Gl for a partial attempt. Ft from
L (iii) on shape
(B) | Limit is a “plus sign” B1
where X — 0 for -1 <y <1 and vice versa Bl
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